We derive the perturbative four loop anomalous dimension of the Konishi operator in N = 4 SYM theory from the integrable string sigma model by evaluating the finite size effects using Lüscher formulas adapted to multimagnon states at weak coupling. We obtain these multiparticle generalizations of Lüscher formulas by studying certain exactly solvable relativistic integrable quantum field theories. The final result involves a summation of all bound states in the mirror theory and agrees with gauge theory perturbative computations. *
Introduction
The AdS/CFT correspondence [1] states the equivalence of N = 4 SuperYang-Mills gauge theory with superstrings on AdS 5 ×S 5 . The correspondence is extremely interesting as it links the very difficult non-perturbative physics of gauge theory to (semi-)classical string/supergravity theory. As such it allows to gain new insight into various gauge theoretical phenomena but at the same time makes it very difficult to test and prove.
A real breakthrough in this respect is the discovery of integrability on both sides of the duality [2, 3, 4, 5, 6, 7] . On the string theory side it means that the (light-cone quantized) worldsheet sigma model is an integrable quantum field theory, while on the gauge theory side it manifests itself in the appearance of spin chains.
The question is to find the anomalous dimensions of all gauge theory operators as a function of the coupling λ = g 2 Y M N c or equivalently to find the quantized energy levels of a superstring in AdS 5 ×S 5 . Perturbative gauge theory physics corresponds to the deeply quantum regime of the worldsheet sigma-model.
Although worldsheet QFT and quantum spin chains seem to be completely different systems, their solution for large quantum numbers is encoded in the same mathematical structure -the Bethe Ansatz [8, 9, 10, 11, 12, 13, 14] . In particular the S-matrix for the excitations is the same in both cases [15] including the overall scalar factor (the so-called 'dressing factor') which interpolates between strong and weak coupling, the absence of which was at the source of initial apparent disagreements between gauge and string theory. The specific form of the dressing factor is now believed to be known through a series of works [16, 17, 18, 19, 20, 21] and the first nontrivial coefficient at weak coupling was checked by a direct perturbative evaluation [22] .
In fact it is at the level of determining this scalar factor that the symmetry between the spin chain and worldsheet QFT picture is broken as the requirement of crossing symmetry [18] is definitely of a worldsheet QFT origin. A further difference from the spin-chain language arises since the Bethe ansatz quantization for a quantum field theory necessarily gets corrections due to virtual particles traveling around the cylinder [23] . In [25] it was suggested that thus necessarily the asymptotic Bethe Ansatz has to fail and that the natural magnitude of the corrections is consistent with the interpretation of these effects as wrapping interactions -Feynman graphs which encompass the cylinder 1 . The main input of the 2D worldsheet QFT point of view was that in principle one expects these finite size effects to be uniquely determined from the infinite volume data. This is not so from the point of view of spin chains where it is far from obvious how to incorporate such effects, e.g. the Hubbard model was used [26] but this could not be extended to the full theory with the dressing factor.
Deviations from the asymptotic Bethe ansatz have indeed been observed, mainly at strong coupling [27, 28, 29, 30] but also at weak coupling [32] . Some results at strong coupling were rederived [33, 34, 35, 36] using the formalism of Lüscher corrections adapted to the nonrelativistic dispersion relation of the AdS magnons [33] .
The calculation of finite size effects has another source of interest as it is sensitive to the details of the worldsheet theory as in particular all kinds of states are allowed to circulate in the loop. Thus questions about possible constituents of the fundamental magnons etc. could be tested using these methods. This is especially interesting at weak coupling as there one would be in a very 'quantum' regime of the string sigma-model. Therefore it is extremely interesting to have perturbative results relevant to wrapping interactions. Early work on the general structure of wrapping interactions in perturbative gauge theory was done in [31] .
The weak coupling result [32] is however a bit indirect and, for the moment, difficult to use, so various groups [37, 38, 39] set out to compute the anomalous dimension of the Konishi operator at four loop level -the lowest order where these effects may appear. The details of the [37] computation appeared in [40] .
The aim of this paper is to compute the same anomalous dimension of the Konishi operator at gauge theory perturbative four loop level starting from the worldsheet quantum field theory of the superstring in AdS 5 × S 5 using its integrability properties. Thus the worldsheet QFT is defined in terms of the S-matrix which is a function of the 't Hooft coupling λ = g 2 Y M N c . The leading three orders in λ of the anomalous dimensions follow from ordinary Bethe Ansatz quantization (which as described above mathematically coincides with the spin chain Bethe Ansatz). At order λ 4 , the effects due to virtual particles circulating around the cylinder start to play a role. Unfortunately, even in the relativistic case, direct analogs of Lüscher formulas for multiparticle states (the Konishi operator corresponds to a two particle state in the spin-chain/QFT language) are not known. Thus we start from deriving such expressions in relativistic theories for which the finite size spectrum is known and use these results to conjecture their general form. Then we apply the resulting expressions to the concrete case of the two-particle state corresponding to the Konishi operator.
The plan of this paper is as follows. In section 2 we will briefly review the asymptotic Bethe ansatz description of the Konishi operator. In section 3 we will analyze relativistic integrable field theories and extract from them formulas for finite size corrections for multiparticle states. In section 4 we formulate our general conjecture for the appropriate formula which can be applied to the AdS case. Then in section 5, we describe all the ingredients needed for using the above formula for the case of the Konishi operator. In section 6 we derive the needed S-matrix elements between arbitrary bound states and the fundamental magnons. In section 7 we put together all the above ingredients and perform the computation for the Konishi operator. We close the paper with a discussion and several appendices.
Konishi operator and the wrapping problem
The Konishi operator is the simplest short non-protected operator in N = 4 SYM which makes it a testing ground for the integrability approach to AdS/CFT. The operator is just
where the Φ i 's are the six adjoint scalars. For the purposes of testing integrability it is more convenient to use two other operators which belong to the same super-multiplet and hence have the same anomalous dimension. One of these operators is the L = 4 operator from the su(2) sector tr X 2 Z 2 + . . ., and the other is an L = 2 operator from the sl(2) sector tr D 2 Z 2 + . . .. The anomalous dimension can be evaluated using the asymptotic Bethe ansatz. For definiteness let us consider the operator in the su(2) sector. It corresponds to a L = 4 spin chain with 2 excitations which we can take to have opposite momenta. The value of the momentum follows from the Bethe equation
where
and e 2iθ(p,−p) is the dressing phase which, when evaluated to leading nontrivial order (for p = 2π/3) is
The Bethe equation can be solved iteratively for the momentum
which when inserted into the magnon dispersion relation
gives
This answer agrees with explicit perturbative computations up to three loops (g 6 ). At four loops qualitatively new types of perturbative contributions arise -the so-called 'wrapping interactions' which are not included in the asymptotic Bethe ansatz. The appearance of these new contributions make it impossible to proceed to strong coupling within the asymptotic Bethe ansatz for short operators.
We will isolate the wrapping interactions as deviations from the Bethe ansatz answer (7) thus we will split the total dimension of the Konishi operator as
In the next two sections we derive the necessary formulas for computing leading finite size effects for multiparticle states and we will return to the Konishi operator in section 5.
Finite size corrections for multiparticle states -relativistic theories
The leading finite size energy correction for excited states was first analyzed by Lüscher in [23] using diagrammatic techniques. He concluded that a standing one particle state acquires exponentially small corrections in the volume. These corrections can be split into two parts: The so called F-term includes the forward scattering amplitude:
while the µ term contains its residue:
where µ c ab is the altitude of the mass triangle with base m c if c appears as a bound-state of a and b, otherwise zero. Contrary to this exponentially small corrections the leading finite size effect of multiparticle states come from the modification of the particles momenta p a = m a sinh θ a . It originates from consecutive scatterings on the other constituents:
These equations are called the Bethe-Yang (BY) equations and describe the power-like corrections to the multiparticle energy levels exactly. But of course, what we are really interested in are deviations from the result given by these Bethe-Yang equations. Indeed there are exponentially small corrections as well and the aim of this section to present a general form for their leading part. A proper derivation would be to adopt Lüscher's original diagrammatic method, but since it is too involved and is beyond the scope of this paper, we analyze certain exactly solvable relativistic quantum field theories for which the spectrum at finite size is known exactly. We systematically expand the excited states TBA equations of the sinhGordon model 2 [42] for large volumes from which we conjecture the general form of the correction. This is then subject to various checks by comparing to the excited states TBA of the Lee-Yang model on one side [41] and to the excited state NLIE of the sine-Gordon model on the other. Finally we provide our conjecture for non-relativistically invariant theories like AdS.
3.1 Excited TBA equations, conjecture for the finite size correction
In this part we recall how the finite volume energy levels of the sinh-Gordon model can be described exactly following [42] . The sinh-Gordon theory is one of the simplest integrable quantum field theory. It contains one type of particle of mass m whose factorized scattering can be described in terms of the two particle scattering matrix
An N particle state in volume L is labeled by a set of integers {n 1 , n 2 , . . . , n N } and its energy can be computed as follows: First one has to solve the nonlinear integral equation for the pseudo-energy
where the particle rapidities θ j are determined self-consistently by the singularity 1 + e −ǫ(θ j ) = 0 via the prescribed integers {n j } as
Once the pseudo-energy and the rapidities are known the energy of the multiparticle state is given by
If we do not include any particles we recover the TBA equation of the groundstate [43] . We now turn to analyze the large volume behaviour of the energy. For this we solve the TBA equation by iteration and extract the leading finite size corrections.
Finite size correction for the ground-state
Let us start with the ground-state. If L is large we can approximate the pseudo-energy by neglecting the exponentially small convolution term as
By inserting this into the energy formula we obtain the leading finite size corrections to the ground-state in the form
Finite size correction for a moving one-particle state A moving one-particle state is specified by its quantization number n from which its momentum can be calculated by solving the TBA equation. In making the large volume expansion we have to be careful and take into account one more iteration in order to determine the pseudo-energy to the accuracy needed:
The rapidity θ 0 is fixed by ǫ(θ 0 + iπ 2 ) = i(2n+1)π which in this approximation reads
By looking for the solution in the form θ 0 =θ n + δθ we can see that the free momentum quantization (the BY equation):
is also affected by the finiteness of the volume. The rapidity is shifted by an exponentially small amount which reads
The energy correction comes from two places: from the modification of the rapidity and also from the leading term in the pseudo-energy
−mL cosh θ (23) Subtracting the contribution of the vacuum and using the explicit form of δθ we can write
Clearly for a standing particle n = 0 there is no change in the momentum θ 0 =θ 0 = 0 and we recover the F-term of the Lüscher correction. (Since in the sinh-Gordon theory there is no bound-state the µ term is absent). Moreover, for generic states we can confirm the result of [38] and [33] .
Finite size correction for multiparticle states -diagonal scattering
The pseudo-energy for a multiparticle state at the order needed can be solved iteratively:
It gives rise to the quantization condition for each rapidity θ k as
The first part is the usual Bethe-Yang quantization condition
while the second shows the effect of the non-trivial vacuum of the finite volume and shifts the rapidities via modifying the BY equation:
Since δΦ k is exponentially small we can parameterize the rapidities as θ k = θ k + δθ k and express their change via
Here
is the inverse of the matrix
. The latter one is the Jacobi matrix of the change of variables between the finite and infinite volume multiparticle basis. The full energy correction comes from two places: from the shift of the rapidities and also from the large volume asymptotic of the pseudo-energy:
We conjecture the equations (27) (28) (29) to be universal, valid in any two dimensional integrable field theory with given scattering matrix. If the scattering matrix admits poles in the physical strip corresponding to bound-states then we have to sum the residues of the F-terms over the poles (θ * ) of the scattering matrices in the strip 0 < ℑm(θ
. For instance in the LeeYang model, whose scattering matrix coincides with the sinh-Gordon one for its non-physical value (B = − ), we have such a pole. Then, additionally to the integral terms in eq. (27) and eq. (29) we have extra terms corresponding to the residues of the integrands. By expanding the excited states TBA equations for the Lee-Yang model [41] in the same fashion as we did for the sinh-Gordon theory we were able to confirm both eq. (27) and eq. (29) together with the appropriate residue terms.
The physical interpretation of the integral term in (29) is clear. A pair of particle and anti-particle appears from the vacuum, they travel all over the world, scatter on the multiparticle state and annihilate on the other side. This virtual process not only changes the energy but also modifies the quantization condition, although not in an apparent way.
It is very natural to extend our conjecture to theories with more species of particles and diagonal scattering. In such theories the Bethe quantization condition reads
in an obvious notation. Then following the philosophy of the sinh-Gordon model we expect these quantization conditions to be modified at leading order as
where we summed up for all particles in the spectrum, since we expect the appearance of any type of particle anti-particle pairs. We parameterized the momenta as before θ k =θ k + δθ k and express δθ k to leading order:
δΦ j . The full energy correction again comes from two places: from the shift of the rapidities and also from the large volume asymptotic of the pseudo-energy:
This proposal can be subject to several checks in theories where the exact energy levels are known. For instance we can analyze the generalizations of the Lee-Yang model namely the T n systems which are perturbed minimal models M 2,2n+1 + φ 1,3 and for which excited TBA equations are available [45] . Indeed we checked by expanding the excited state TBA equations of [45] that the F-terms which change the BY quantization and which changes the energy are both correct. Moreover by shifting the contour θ → θ + iπ 2 we computed residues of the integrals. We observed that for a standing particle the contributions corresponding to µ c |, and adds up in the opposite case providing the correct µ term in the Lüscher formula. The physical picture one can associate to this term, is that particle a decays into particle b and c which travel all over the world and then fuse back again to particle a. Clearly in this picture both particles b and c have to travel forward in time and this is exactly what is expressed by the inequality m
There is a recent proposal for the µ -term (for symmetric fusion) of the energy correction for multiparticle states [46] . It consists of two terms, one describes the modification of the BY quantization condition, while the other the correction to the energy. By shifting the contour in our formulas we were able to recover the result of [46] providing further evidence for both.
Although in the sine-Gordon theory the scatterings are in general nondiagonal we could find a subsector when our formulas can be tested. In the repulsive regime, (when we have no bound-states), we can consider an N particle state built up purely from solitons. They scatter diagonally on each other and are described by holes in the NLIE [47, 48] . By expanding the NLIE equation in a similar manner we did for the sinh-Gordon TBA system we were able to confirm our formulas (30, 31) for this special case. Moreover, by analyzing more complicated states we have gained some hints to the generalization for non-diagonal scatterings.
Finite size corrections for multiparticle states -non-diagonal scattering and the AdS case
In this subsection we formulate our conjecture for non-diagonal scatterings. First we suppose that the whole multiplet of particles has the same mass. The basic difference compared to the diagonal case is, that for an N particle state labeled by the rapidities θ = {θ 1 , . . . , θ N } the consecutive scatterings non only changes the momenta but also mixes the particle indexes a = {a 1 , . . . , a N }. Thus we have to diagonalize the multiparticle scattering matrices to obtain the quantization condition
Here we introduced a family of transfer matrices commuting for different values of the auxiliary rapidity θ:
which, thanks to unitarity
, reduces to the multiparticle scattering matrix for θ = θ k . Here F is the fermion-number operator. The matrices T (θ k |θ) b a for different θ k commute with each other and each of their common eigenvalues corresponds to a multiparticle state. The rapidity of the particles in the eigenstate Ψ a can be computed from the equation
Now thanks to the experience we gained by analyzing the exact multiparticle energy levels in the sine-Gordon theory together with the result of the diagonal case we conjecture the modification of the BY equation to be
Here we introduced the rapidity of the mirror theoryθ = θ + iπ 2 and the mirror energyǫ(θ) = −ip(θ) = −im sinh(θ). See [25] and [49] for the details, how the mirror theory appears from TBA type considerations. The exponentially small shifts of the rapidities turn out to be
Thus the full energy correction to the multiparticle energy E = k ǫ(θ k ) = k m cosh(θ k ) can be written as:
where we used the mirror momentump = m sinhθ. In generalizing to the AdS case we have to take into account its nonrelativistic behaviour and take care of the following properties: The scattering matrix depends separately on each of the momenta. The mirror theory whose excitations cause the correction both in BY and the energy are different from the theory itself, moreover we have an infinite tower of bound-states of the fundamental particles. In view of these we formulate our conjecture for the simplest case when there is a type of particle in the spectrum which scatters on itself diagonally (which is the case for a magnon in one of the closed sectors say su(2) or sl (2) ). If we denote its label by a then the eigenvector of the transfer matrix is simply Ψ a...a = 1 and all other elements are zero. The eigenvalue of the transfer matrix is
As a consequence the BY condition reads as
We conjecture the correction to these equations to be
We also replaced ∂ θ k S(θ − θ k ) with −∂θS(θ − θ k ) before switching to p. With this choice we could recover the one-particle result of [33] .
The final correction then reads as
Here we explicitly wrote the summation to make clear, that what appears in the finite size correction is in fact a supertrace and also that the indexes can change via the scatterings. It seems plausible that by shifting the contour we can pick up the µ terms of the correction. For related issues see also the derivation of the µ term for a moving one particle state [33] . As far as the physical interpretation is concerned we have to keep those poles where the decayed particles travel forward in time, that is the real part of their energies are both positive.
In [44] a proposal was presented for the multiparticle Lüscher correction based on a detailed analysis of the Hubbard model. It is close in spirit to [46] since the authors analyzed the µ term coming from the composite structure of the particle. From this they conjectured the finite size correction coming both from the modification of the Bethe Ansatz and from the effect of the sea of particles and anti-particles. They formulated these corrections in terms of the supertrace. The details in the general case are, however, somewhat different. We conjecture our formula to contain all the leading exponentially small corrections coming from single particle contributions of the mirror theory.
Ingredients for the computation of the Konishi operator
Let us now analyze the formula (41) from the point of view of its possible application to evaluate the leading wrapping corrections at weak coupling that appear at four-loop order. This might seem surprising at first glance as the Konishi is a very short operator of length L = 4 (or even L = 2 for the sl(2) representative). However as already advocated in [25] , the specific dispersion relation of the magnons gives the estimate
which for L = 4 indeed gives the expected four-loop order g 8 . However those considerations did not control coupling constant dependence of the prefactor, as well as the precise definition of the length L (equal to the circumference of the string worldsheet cylinder). In fact since the Lüscher formula can be justified solely on the string theory side, because only then we are dealing with a 2D quantum field theory, the length L that should be used is determined by the choice of light cone gauge for the string worldsheet. The simplest choice is to identify the length L string with J. Then since for the Konishi J = 2 we have L string = 2 and from (42) we would have g 4 . The remaining factors would then have to come from the S-matrix in the 'string frame' [50] . Thus even the precise leading order of the wrapping correction is not self-evident.
Another subtlety which one has to take into account is what states one should take to circulate in the loop. At strong coupling it is enough to consider just the fundamental magnons since the contribution of bound states is suppressed w.r.t the contribution of the fundamental magnons. This is not the case at weak coupling, were due to the dispersion relation
the contribution analogous to (42) is
So we have to sum over all Q. In order to perform the computation we have to know the full scattering matrix of all bound states with the fundamental magnon. This is known explicitly only in the case of the fundamental magnon (Q = 1) and for the BPS bound states with Q = 2 [51] . In section 6 we will derive the general S Q−1 matrix. There is a final important problem which appears to be novel in the AdS case. It is well known that the physical bound states in the conventional theory are the ones appearing in the su(2) sector [52, 53] . The potential bound states which would be associated to poles which appear in the sl(2) sector do not satisfy the physicality condition hence should not be considered as part of the spectrum. Yet when one considers the mirror theory (which exactly corresponds to the kinematic regime of the Lüscher F-term) it turns out [49] that it is the sl(2) poles which satisfy the physicality condition in the mirror theory. These states are quite different since they belong to different representations of su(2|2) -the su(2) bound states lie in the symmetric, while the sl(2) ones lie in the antisymmetric representation. Hence we should decide which of the bound states should be taken into account when computing the Lüscher F-term. Our conclusion is that one should take into account the sl(2) bound states. This is in fact quite natural from the TBA perspective, since in that approach one computes a partition function in the mirror theory 3 . In appendix D, for comparison we present the results of a corresponding computation using the su(2) states.
We will derive the S-matrix for scattering the antisymmetric states with the fundamental one in the next section.
S-matrix for symmetric and antisymmetric representations
The S-matrix for the scattering of bound states with the fundamental magnons involves two basic ingredients: the matrix structure for all the polarization states of both particles and an overall scalar factor. The scalar factor can be fixed by specializing to the relevant closed subsector and fusing the bound state scattering from its elementary constituents (this has already been done for the su(2) bound states [54] ). Then the matrix structure can be found using the superfield formalism of [51] . We will describe now both of these ingredients. We will use the notation z ± for the bound state parameters satisfying
while the parameters of the fundamental magnon will be denoted by x ± . They satisfy
Scalar factors
The overall scalar factor for bound state scattering in the su(2) sector has been found in [54, 55] . A convenient formula written directly in terms of the z ± parameters of the bound state and x ± parameters of the fundamental magnon was found 4 in [54] :
This has to be supplemented by the dressing factor but it will not be important for our computations at weak coupling 5 . For the bound states of the mirror theory, the story is more complicated. It can be constructed completely algebraically by fusing the S-matrices of 4 But note that the S-matrix there is the inverse of ours 5 Note however that due to the mirror kinematics of one of the two particles, the dressing factor scales as exp(cg 2 ) instead of exp(cg 6 ).
the scattering of the constituents of the sl(2) bound state (z
with the fundamental magnon (x − , x + ):
with S sl(2)
In contrast to the su(2) case the result (48) depends on the choice of the constituent magnons. Since the physical sheet is not known for the AdS S-matrix (see [51] for related issues) we will adopt the choice for which the constituents have the maximal number of parameters which scale as 1/g and only the first z − 1 ∼ g. This choice is consistent in the sense that all but one of the constituents in the limit g → 0 get close to the real axis. So they are considered to be physical at the same time in the sense of [53] . Depending on the choice of physical regions [49] identified one, two or 2 Q−1 boundstates in the spectrum. We used only the one mentioned above but it would be interesting to elaborate further the other choices, which might shed some light on the nature of the physical domain.
The matrix part
Once we fix the scalar factor by the fusing relations for the closed sectors we have to normalize the matrix part of the S-matrix to be 1 for the '11' component in the case of the symmetric representation, and for the '33' component in the case of the antisymmetric one.
The aim of this part is to calculate the scattering matrix of the fundamental magnon with the magnon of charge Q. In [51] this program was elaborated for the Q = 2 case and symmetric representation corresponding to bound states in the su(2) sector. Here we use their conventions and extend their results first for arbitrary Q and 1 − Q scattering, and then we will obtain analogous results for bound states in the antisymmetric representation corresponding to the sl(2) sector 6 .
All of these particles belong to BPS representations of the supersymmetry algebra su(2|2). The algebra is defined by
where the central charges are expressed in terms of the momentum as
Two types of representations will be important: the atypical totally symmetric and the totally anti-symmetric one. Both have dimension 4Q, and their specification for Q = 1 give the fundamental representation. The totally symmetric representation can be realized by homogenous symmetric polynomials of degree Q of two bosonic (w 1 , w 2 ) and two fermionic (θ 3 , θ 4 ) variables. The symmetry operators on this space are represented by differential operators
In accord with the previous notations in specializing the representation for Q = 1 we replace z by x. There is a preferred choice for η leading to unitary S-matrices given by
The representations of the su(2|2) algebra are characterized by ξ and p and we denote the corresponding representation by V Q (p, e i2ξ ). The scattering matrix acts as
and commutes with the symmetry charges (J):
Let us start from the N = 1 and M = Q case. Interestingly the tensor product is irreducible
According to Schur's Lemma the invariance fixes the scattering matrix up to a scalar factor. It is instructive to use the su(2) ⊗su(2) subalgebra generated by L and R to parameterize the S-matrix. The representations in the tensor product above decomposes as
Since the S-matrix commutes with the su(2) generators it has to be in the form of su(2) ⊗ su(2) invariant differential operators 
In Appendix A we list the specific choice that we made.
As described in the beginning of this section our choice of overall scalar factor fixes the coefficient a
The remaining coefficients are given in Appendix B. Since in the formula for the F-term we need the S Q−1 and not the S 1−Q S-matrix, we can use unitarity to relate the two matrices. Using eq. (3.34) in [51] we find that this amounts to exchanging x + ↔ x − and z + ↔ z − in the formulas for the coefficients. Now we turn to the analysis of the totally antisymmetric representations. It can be realized by homogenous symmetric polynomials of degree Q of two bosonic (w 3 , w 4 ) and two fermionic (θ 1 , θ 2 ) variables. The symmetry charges act like the ones in the symmetric representation except that we have to make the w ↔ θ replacement. The scattering matrix denoted as S (52)), so that this amounts to complex conjugation. Hence in the final formulas it will be enough to interchange x + ↔ x − and z + ↔ z − .
The Konishi computation
Let us now put together all the ingredients which enter the computation of Lüscher F-term adapted for the two particle state. The µ term is absent in the weak coupling (g → 0) limit, since the fundamental particle with energy ǫ = 1 + . . . cannot decay into two other particles with ǫ Q 1 = Q 1 + . . . and ǫ Q 2 = Q 2 + . . . such that the charge is conserved Q 1 + Q 2 = 1 and the decayed particles propagate forward in time (ℜe(ǫ Q 1 ) > 0 and ℜe(ǫ Q 1 ) > 0). Thus we need only the F-term. The terms responsible for the modification of Bethe quantization conditions turn out to be of higher order in g therefore our formula takes the form
(59) The summation over Q is here over the fundamental magnons and all bound states of the mirror theory which are in the antisymmetric representation.
The forward matrix element
is evaluated in terms of the coefficients of the S-matrices in Appendix C. The x ± i and x ± ii are the rapidities of the magnons constituting the Konishi operator. Their weak coupling expansion are obtained from
ii = x ± (−p) with p being the momentum (5) . To obtain the leading piece it is enough to use just the leading expression for the momentum p = 2π/3. The rapidity parameters of the mirror bound states follow from expanding
Using these expressions we find immediately the exponential piece:
The forward matrix element factorizes into the scalar part and a matrix part. The scalar part is obtained by fusion from (48) using for z − 1 the value z − above, taking z + Q to be equal to z + , and calculating z
The intermediate z 
The matrix part can be evaluated using the formulas (78-82). The result is
Let us note some features of this result. Firstly, it is of order g 4 so effectively the length is increased from J = 2 to L = 4. Secondly, although we are evaluating the leading behaviour at weak coupling we cannot use the 1-loop S-matrix as it stands since the mirror particle has z − ∼ g and z + ∼ 1/g which modifies some pieces of the S-matrix. Thirdly, although the S-matrix has to be derived separately for Q = 1, Q = 2 and Q ≥ 3, the forward S-matrix element has a uniform expression as a rational function of Q.
Putting the above expressions together we obtain
which has to be integrated over the real line of q and summed over Q. One can easily evaluate the integral by residues. It is convenient to present the result using a partial fraction expansion for a part of the answer:
where the numerator num(Q) is given by
We now have to sum eq.(68) over Q running from 1 to ∞. The two last terms directly give 864ζ(3) − 1440ζ(5), while the remaining complicated rational function sums up to an integer. So the final answer for the wrapping correction at 4-loop coming from the finite size effects in the worldsheet string QFT is
Let us emphasize that the fact that such a simple transcendentality structure appeared is far from obvious. The key point is that the very complicated rational function part of (68) sums up exactly to an integer. In appendix D we describe a similar computation using the conventional 'su(2) ' bound states in the symmetric representation and there an analogous rational function of Q generates a lot of ψ functions, π 2 which do not seem to simplify. Let us compare our result with the result of ref. [40] . Their result expressed as a correction to the asymptotic Bethe result is 7 ∆ ref. [40] wrapping E = (324 + 864ζ(3) − 1440ζ (5)
thus giving an exact agreement between the gauge theory perturbative computation of [40] and the worldsheet string sigma model computation of the present paper. We will comment on its possible implications in the Discussion.
Discussion
In this paper we have derived generalizations of Lüscher formulas for multiparticle states by examining the structures appearing in integrable relativistic theories solvable in finite volume using the techniques of the Thermodynamic Bethe Ansatz (TBA). The novel feature which appears is the modification of Bethe quantization conditions which effectively changes in a slightly nonintuitive way the formula for the 'F-term'. The counterpart of the 'µ-term' follows by taking residues.
Then based on the intuition gained from the relativistic formulas, as well as comparison with generalized Lüscher formulas for single particle states derived in [33] , we proposed a generalization of these multiparticle Lüscher formulas to the AdS case.
Using the proposed formulas we considered the Konishi operator and derived the four-loop wrapping contribution to the anomalous dimension. In doing so we had to sum over an infinite set of bound states of the mirror theory which lie in the antisymmetric representation and correspond to the sl(2) sector. This is rather surprising since these states are not physical for the ordinary theory where the symmetric bound states of the su(2) are the physical ones. They are however physical states of the mirror theory [49] . In order to carry out the computation we have derived the full S-matrix between the Q-bound state and a fundamental magnon, since in computing the F-term correction we have to sum over all 'polarization' states of the bound states.
The resulting expression for the F-term contribution is
leading to the total anomalous dimension of the Konishi operator
This result has the transcendentality structure expected from perturbative gauge theory point of view. Let us note that this is a very stringent test on the string theory result as generically e.g. when looking at poles or using the su(2) family of bound states (see appendix D) one obtains much more complicated expressions which are not expected from the point of view of a gauge theory perturbative computation. Our result coincides with the direct four-loop gauge theoretical computation of [40] quoted in (71). Since the finite size effects are sensitive to all possible particles of the theory which circulate in the virtual loop, and moreover are very subtle at weak coupling where all bound states contribute equally, they are a very sensitive test of our knowledge of the details of the worldsheet string theory. The exact agreement is a very strong indication that the description of the light cone quantized superstring in AdS 5 × S 5 in terms of magnons and bound states is complete.
Moreover let us emphasize that the computation of the finite size corrections used in an essential way the language of two dimensional quantum field theory in order to describe weak coupling perturbative effects. The complete agreement with gauge theory is a very strong indication of the validity of the continuum worldsheet string theory description of these phenomena.
A Basis of projectors for the S-matrix computation
The su(2) ⊗ su(2) invariant projectors Λ j i can be written in the form Λ j i = v i D j where summation over the repeated indexes is understood. We made the following choices in parameterizing the scattering matrix:
These projectors are symmetric (Λ B Coefficients of the S 1−Q S-matrix for the symmetric representation
We calculated the elements of the S 1−Q scattering matrix by demanding its commutation with the conserved charges and obtained the following result:
Here the parameters η andη are representing a freedom in choosing the basis in the fermionic generators. With the choice
the scattering matrix is symmetric.
C Forward scattering element for general Q
In this Appendix we express the forward scattering elements in terms of the scattering matrix we determined in the previous appendix. We focus on the symmetric representation and the 1 − Q scattering of the su(2) sector first.
Recall that the forward scattering element can be written
Each individual scattering matrix has the form
where we used the su(2|2) ⊗ su(2|2) factorization of the problem. Due to this factorized form the forward scattering can be written as
We choose the basis in the 4Q dimensional bound-state representation as follows: For the range of the index a = 1, . . . , Q + 1 we associate a state w 
Putting all these things together gives the matrix part S matrix,su(2) 1−Q (x ± , z ± ). Let us use this result for the computation of the relevant forward scattering amplitudes appearing in the Lüscher type correction. In the case of the symmetric Q − 1 scattering we have to make the + ↔ − substitution:
In the case of the antisymmetric representation and the sl(2) sector we have to replace the su(2) scalar part with the sl(2) scalar part, while for the matrix part we have to take
D The case of symmetric representations
In this appendix we would like to present the results of an analogous computation using the family of bound states which contains the su(2) bound In the above formula there should also be 'string frame' phase factors (see [50, 49] ). The ones involving the momenta of the two fundamental magnons which form the Konishi state cancel each other, while the ones involving the bound state combine with the (z − /z + ) 2 factor to produce an effective length L = 4 as expected from the spin chain perspective. Thus the effective exponential factor is z
Finally the matrix part can be evaluated to 
This expression can be summed over Q using Maple. Although we see the appearance of −1440ζ(5), the remaining part of the answer has a very complicated transcendentality structure involving higher ψ functions evaluated for imaginary irrational arguments (see figure 1 ) and it seems that it cannot be recast in the form of a linear combination of ζ functions of odd arguments which seems to be required by gauge theory perturbative computations. Comparing this result with the simplicity of the answer which used the antisymmetric sl(2) bound states of the mirror theory we conclude that it is the physicality condition in the mirror theory which is relevant for the Lüscher terms.
